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Abstract

The creep of paper is accelerated by moisture cycling, an effect known as mechano-
sorptive creep. In this paper the effect of different amplitudes of the moisture content is
investigated experimentally and numerically.

Tensile creep tests were made in a climate chamber. Low basis weight isotropic sheets
were used in the tests. The moisture content history was measured during each creep test
using a balance placed in the climate chamber.

The experimental results are compared to predictions using a theoretical network
model. A brief description of the model is given. In the model it is assumed that the
anisotropic hygroexpansion of the fibres produces large stresses at the fiber-fiber bonds
when moisture changes. The resulting stress state will accelerate creep if the material
obeys creep laws that are non-linear in stress. A quite good fit between the theoretical
model and the experimental creep curves is abtained.



1 Introduction

Packages of paper often have to withstand loads for along time, and it is therefore necessary
to take creep into consideration in package design. The creep rate generally increases with
increasing humidity. Moreover creep is accelerated by humidity variations, so that the creep
in avarying humidity is likely to exceed creep at any constant humidity. This effect is known
as mechano-sorptive creep. Mechano-sorptive creep has been known for paper since 1972
(Byrd, 1972a,b) and even longer for wood (Armstrong and Kingston, 1960; Armstrong and
Christensen, 1961).

There is no generally accepted model for mechano-sorptive creep, but many models and
mechanisms have been proposed. It has been suggested that moisture content changes cause
hydrogen bond disruption (Gibson, 1965) or create free volume in the material (Padanyi,
1991, 1993), or that dislocations are created by stresses caused by moisture content changes
(Hoffmeyer and Davidson, 1989; Hoffmeyer, 1993; Soremark and Fellers, 1993), or combina-
tions of these mechanisms (Haslach, 1994). Phenomenological modelsthat do not take actual
micro-mechanismsinto account have also been presented (Ranta-Maunus, 1975; Martensson,
1994; Urbanik, 1995).

In some recent investigations (Habeger and Coffin, 2000; Alfthan et al., 2002; Alfthan,
2003) it has been suggested that mechano-sorptive creep is an effect of non-linear creep of the
material in combination with large transient stresses created during moisture content changes.
The stresses are produced by inhomogeneous hygroexpansion in the material caused by mois-
ture gradients, material heterogeneities or both. These stresses are added to the stress state
caused by external mechanical loads. Thiswill only cause a redistribution of stresses, while
the average remains the same. The creep will then be accelerated if it depends non-linearly
on the stresses. The stress state that produces the accelerated creep is transient, as the large
stresses relax during creep, and the moisture has to change again to create a new redistribu-
tion of stresses. It has been shown that accelerated creep is produced by models based on this
mechanism (Habeger and Coffin, 2000; Alfthan et al., 2002; Alfthan, 2003). Results from
experiments specifically designed to test the mechanism have been presented (Habeger and
Coffin, 2000; Habeger et a., 2001). Thereis at least qualitative agreement between the mod-
els and experiments. The major advantage of this mechanism in comparison to othersis that
accelerated creep turns out to be a natural consequence of the creep behaviour of the material,
and no special mechanism must be introduced to explain mechano-sorptive creep.

The work presented here aims at further comparisons between a previously developed
network model (Alfthan, 2003) and experiments, especialy the effect of different moisture
content cycle amplitudes. The effect of amplitudes has previously been investigated for com-
pressive creep (Fellers and Panek, 2001), and an attempt to model these experiments has been
made (Alfthan, 2003). The model predicted a smaller increase in deformation for small am-
plitudes than was found in the experiments. The purpose of the experiments and modeling
presented here is to further examine this discrepancy. The experimental setup was designed
to get conditions resembling the assumptions made in the model, i.e. tensile creep and no
moisture gradients in the paper. To achieve the latter, the tests are performed on very thin
paper, with a basis weight of 17 g/m?. The moisture uptake of the paper was measured simul-
taneously with the creep teststo get input data for the model.



2 Experimental setup

Creep testsin constant and cyclic humidity are madein aclimate chamber (Noske-K aeser KSP
252/70H) using acreep test rig, Fig. 1, that was designed for this purpose. A 25 mmwidestrip
of paper is clamped in both ends. The distance between the clamps is 149.2 mm when the
specimenismounted. Therig issuspended in one of the clampsfrom the ceiling of the climate
chamber. The other clamp is loaded by weights. The deformation of the paper specimen is
measured by two LVDTs (Linear Variable Differential Transducer, Schaevitz MHR 250 MC),
fixed to the clamps on each side of the specimen, see Fig. 1. The average of the signals from
thetwo LVDTsislogged on acomputer. It ispossibleto disconnect one LVDT at atime with
a switch and thus check the symmetry of the deformation. The LVDT signal during mounting
of aspecimen is registered and used as a reference when the deformation is cal cul ated.

To be able to cal cul ate the moisture content of the paper, sheets of the paper are ssmultane-
ously weighted on a digital laboratory balance (Sartorius BP110S) inside the climate chamber
during the creep tests. The balance is shielded from most of the air circulation in the cham-
ber. The weights are logged on the computer. Tests showed that the humidity surrounding the
weighted paper is the same as the humidity in the rest of the chamber. The time lag between
humidity and weight of the paper is negligible. The humidity in the climate chamber was
controlled within afew % RH. Small disturbances in the humidity regulation can be seen in
the moisture content curves calculated from the weights.

I sotropic hand sheets, made of unbleached softwood sulphate pulp beaten to SR number
17.1, are used in the creep tests. The basis weight of the sheets is 17 g/m?. The low basis
weight is used to avoid moisture gradients through the thickness of the paper during the creep
tests.

Suspended from ceiling

LVDT ﬂ LVDT
o o
o <

Clamp

Paper specimen

°& Clamp

Load

Figure 1. The creep test rig used in the experiments.



3 Thenetwork model

Previously a network model for mechano-sorptive creep has been developed (Alfthan, 2003).
It resembles Cox’s network model for fibrous materials (Cox, 1952), but creep and influence
of bonds are added to the model. A brief description of the model is given below.

Each fibre consists of free and bonded sections. The longitudinal strains in the free and
bonded sections are denoted ea and eg respectively. The ratio between the length of the free
sections and the total fibre length is denoted A. The average strain of the fibre isthen

£=Aea+(1—A)es. (1)

It isassumed that the strain of each fibre is prescribed by the macroscopic strains of the paper
sheet. The macroscopic normal strains and shear are denoted as &, &y and .y where x and y
denote coordinates in the plane of the sheet. The strain of afibre directed in an angle ¢ from
the x-axis then reads

€ = £4COS  + &, SN @ + Jy SIN Y COS Q. )

Bonded sections of the fibres are assumed to behave as a composite of the fibre itself and the
crossing fibre. The transverse strain of the crossing fibre is denoted ec and assumed to be
equal to the longitudinal strain of thefibre it is bonded to,

Ec = &B. (3)
It isfurthermore assumed that the longitudinal load is split between the fibres at the bonds
op = OB + OC, (4)

where oa and o are the longitudinal stress in the free and bonded segments and oc is the
transverse stress in the crossing fibre.

The macroscopic stresses in the sheet are the volume averages of the fibre stresses. For
paper, specific stresses (stress divided by density) are often used, as it is more convenient to
measure the basis weight than the thickness. Averaging over all the fibres leads to the specific
stresses

1 r7/2
of = = [ oaf(p)cos’pde (5)
ptJ-n/2
wo_ L™ f(e)srted ©)
o) = — o,
y pi ) nj2 AT(Q ¢ap
W L f(p)singcosed (7)
Ty = — o)
5 = o], 0af(@)singcosedy

where oy’ oy’ and 7y are the specific stresses, py isthe fibre density and f(¢) isa frequency
function for the fibre distribution in the sheet, which must satisfy

/2
| fo)de=1. ®
—n/2

For an isotropic sheet we have f(¢) = 1/.



The strains in each fibre segment are assumed to be the sum of elastic strains €€, creep

strains ¢ and hygroexpansive strains e",

en = es4eS+eh, (9)
€8 = eg+E§+ep, (10)
ec = e&+el+el (12)

The elastic strains are assumed to be linear in stresses,

{:‘2 = oa/EL, (12)
eg = os/EL, (13)
{:‘ce; = oc/Er, (14)

where E_ and Et are the elastic moduli along and across the fibres, and the hygroexpansive
strains are assumed to be proportional to the change in moisture content, Am,

eh = PBLAm, (15)
&g = PLAm, (16)
e = Pram, (17)

where B, and Bt are the longitudinal and transversal hygroexpansion coefficients. These co-
efficients are different, and large stresses will therefore be built up when the moisture content
changes. In thiswork, the moisture content m was assumed to be homogeneously distributed
in the material, i.e. no moisture gradients are present.

In order to get accelerated creep from the model, the creep strains should obey non-linear
creep laws, i.e. the creep rate is given by

e°=g(0,€° (18)

where g isanon-linear function of stress o and possibly the creep strain €°. In thiswork the
creep rate was modeled as

ex = a,sinh(b_(oa —EfeR)), (19)
eg = a sinh(b.(og —Efeg)), (20)
88 = arsinh(br(oc— E%Eg)), (21)

where a_, ar, by, by, Ef and E} are creep parameters. These creep laws will show the
necessary non-linearity in stresses and the creep rate will decrease during creep as it does for
paper, while the number of parameters remains quite small. Written in a dlightly different
form, this kind of creep law has been used to model creep of single fibres (Sedlachek, 1995).
A problem is that creep will become linear in stresses when the creep strain increases and
the arguments of the sinh-functions approach zero, and there will be an ultimate creep limit,
€ = o/E€, where the creep stops.

Egs (1-21) lead to a system of nonlinear ordinary differential equations, which can be
solved numericaly for strains ey, &y and vy if the stresses o, oy and 7y, are known, or the
other way around. Details are given in Alfthan (2003).



4 Results

Creep tests are made both in constant humidity, 80 % RH, and in cyclic humidity, cycling from
80 % to 70 %, from 80 % to 60 % and from 80 % to 40 % RH. The temperature was constant
at 20°C. The cycle period was 6 h (21600 s), and the humidity changestook 25 minutes (1500
s). The specific stresswas 4.9 KNm/kg in the tests presented here. Between 4 and 8 testswere
made for each humidity condition, and a few tests were also made for higher loads. Fig. 2
shows some of the experimental creep curves. It isobviousthat the creep is accelerated by the
humidity changes. Examples of moisture content during these creep tests are shownin Fig. 3.

0.012
0.01r
0.008f
@« 0.0061
0.004
— constant 80% RH
L - -~ cyclic 80-70% RH ||
0.002 == cyclic 80-60% RH
““““ cyclic 80-40% RH
. . ) .
0 2 4 6 ;

tis] x 10"
Figure 2. Experimental creep curvesfor different humidity conditions. The data are
filtered to make the plot clearer.

The parameters in the model were fitted to the experiments, using standard MATLAB
(2001) routines for the non-linear fit of E., a_, by and EF. To reduce the number of necessary
parameters to fit, a prescribed ratio r1 between transverse compliances 1/Er, ar, 1/ E% and
longitudinal compliances 1/E, a, 1/Ef was defined, i.e.

1/ET . ar o :|./E-|(E .

1/EL  a 1/E°
The compliance of paper increases with increasing moisture content. In the model, two mois-

ture contents were chosen, m= 0.10 and m= 0.15, aratio r, was set between compliances at
the high and low moisture content,

(22)

1/EL(m=0.15) a (m=015) 1/E¢(m=0.15)
1/E (m=010) & (m=010) 1/ES(m=010)

2, (23)

and the compliances were assumed to vary linearly between these two values. The parameter
br was assumed to be equal to b.. The fit was repeated for a few sets of values for the
remaining parameters, until an acceptable fit was obtained. All parameters are presented in
Table 1. The results for constant and cyclic humidities are shown in Figs 4-6. Data from
individual creep tests, not average curves, are used in the smulations.
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Figure 3. Moisture content for constant 80 % RH and cyclic 80 % to 40 % RH. The
data are filtered to make the plot clearer. The slight increase in moisture content for
the constant humidity is caused by the humidity regulation of the climate chamber.

Table 1. Parameters used in the network model. Two values are given for moisture
dependent parameters.

moisture content
m=0.10 m=0.15

E. [GPd 6.85 457

Er [GPq 3.42 2.28
a_ [s1] 177-101° 2.66.10 10
ar [s1 887.101 1.33.10°1°

by [Pal] 4.99-10~ 7

br [Pal] 4.99-10~7

EC  [GPd 2.24 1.50
ES  [GPd 1.12 0.75
BL 0.0

Br 0.6

pt  [kg/m?3 1500

A 0.75
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Figure 4. Experimental creep curvesfor constant 80 % RH and cyclic 80 % to 70 %
RH, and corresponding creep curves from the model. The data are filtered to make

the plot clearer.
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Figure 5. Experimental creep curvesfor constant 80 % RH and cyclic 80 % to 60 %
RH, and corresponding creep curves from the model. The data are filtered to make
the plot clearer.
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Figure 6. Experimental creep curves for constant 80 % RH and cyclic 80 % to 40 %
RH, and corresponding creep curves from the model. The data are filtered to make
the plot clearer.

The total strain after the 1st, 2nd and 3rd cycles are shown as a function of moisture
content amplitude |Am| in Figs 7-9 for the experiments and the model.

The creep limit €¢ = o/E€, predicted by the creep laws Egs (19-21), turned out to be
important in the curve fitting. Either the simulated creep curves for cyclic humidity would
reach this creep limit to soon or the creep curve for constant humidity would be to steep. The
best parameter fit was a compromise, and Fig. 6 shows that the simulated cyclic moisture
content creep curve underestimate the actual deformation during the last cycle, while the
simulated constant moisture content creep curve is too steep. The compromise also leads to
very little accelerated creep for small changes in moisture content, and the mechano-sorptive
creep effect islost in the model as Fig. 4 shows. Thisis also reflected in Figs 7-9 where the
model prediction for deformation at constant humidity isalwaystoo high, while the agreement
is better for cyclic humidities. The experimental data presented in Figs 7-9 show that a small
moisture content amplitude gives a small increase in deformation, intermediate amplitude
gives a large increase, and only little additional deformation is obtained if the amplitude is
further increased.

5 Conclusionsand discussion

From this work it can be concluded that it is possible to get a reasonable fit between sim-
ulated and experimental creep curves, and that the model can capture the effect of different
amplitudes of the humidity cyclesin tensile creep. The model parameters were however not
measured independently. One effect of thisisthe low value of the fibre modulus, which prob-
ably is a result of some effects not covered by the model, like bending properties of fibres,
shear lag at fibre ends and flaws in the chosen creep law.

The experiments performed in thiswork or found in the literature are not sufficient for the
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Figure 7. Strain after the 1st cycle as function of moisture content amplitude |Am|.
The values shown are averages of strains from 25000 s to 29000 s (Centered around
7.5h).
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Figure 8. Strain after the 2nd cycle as function of moisture content amplitude |Am|.
The values shown are averages of strains from 46600 s to 50600 s (Centered around
13.5h).
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Figure 9. Strain after the 3rd cycle as function of moisture content amplitude |Am|.
The values shown are averages of strains from 68200 sto 72200 s (Centered around
19.5h).

development of a model that can be expected to well describe the creep of fibres and paper
when the stress varies during the creep test. The creep law is therefore a major weakness of
the present model. It was found that it could not describe creep well at different stress levels,
and that the ultimate creep limit predicted had alarge influence on the simulated creep curves.
This was not totally unexpected, as previous work indicates a too fast decrease in creep rate
during creep (Alfthan, 2003) and curve fits to creep of single fibres show large variations in
parameters (Sedlachek, 1995).

The effect of moisture content cycle amplitude on tensile mechano-sorptive creep differs
dlightly from the effect that has been found for small amplitude compressive creep (Fellersand
Panek, 2001). In the present work it was found that the largest increase in deformation with
amplitude was found for intermediate moisture content cycle amplitudes. In the compressive
creep tests (Fellers and Panek, 2001), this difference between the smallest and intermediate
moisture content amplitudes was not found. However, it is possible that this effect can be
found for amplitudes smaller than those tested in Fellers and Panek (2001).
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Abstract

The creep of paper is accelerated by moisture cycling. This effect is
known as mechano-sorptive creep. It is assumed that this is an effect of
transient stresses produced during moisture content changes in combination
with non-linear creep behaviour of the fibres. The stresses produced by the
moi sture content changes are often much larger than the applied mechanical
loads. If thisis the case, the mechanical loads are only a perturbation to the
internal stress state, and it will appear as if the mechano-sorptive creep is
linear in stress. It is possible to take advantage of this feature. In the present
report the pure moisture problem isfirst solved. The mechanical load isthen
treated as a perturbation of the solution to the moisture problem. Using this
strategy, it is possible to linearize a non-linear network model for mechano-
sorptive creep and to formulate a continuum model. As aresult, the number
of variables in the model is reduced. This is a significant improvement as
it will be possible to use the linearized model to describe the material in a
finite element program and solve problems with complicated geometries.



1 Introduction

Paper and board packages are often loaded for times long enough for creep to be
important, and this must be considered in design. Paper is sensitive to moisture
and the creep compliance increases with moisture content. High humidity climate
is however not the worst possible environment as creep is aso accelerated by
varying humidity (Byrd, 1972a,b). The accelerated creep is known as mechano-
sorptive creep, and is also found in wood (Armstrong and Kingston, 1960; Arm-
strong and Christensen, 1961), concrete (Pickett, 1942) and some synthetic fibres
(Wang et al., 1990, 1991, 1992, 1993; Habeger and Coffin, 2000; Habeger et d.,
2001).

There is still no generally accepted explanation for mechano-sorptive creep,
but there are several hypotheses and models. One possible explanation is that
large local stresses are produced when the moisture content changes due to inho-
mogeneous hygroexpansion, which in turn will accelerate the creep if the creep
rate depends non-linearly on stresses. Models have demonstrated that this mecha-
nism will produce accelerated creep resembling the creep behaviour found in ex-
periments (Pickett, 1942; Habeger and Coffin, 2000; Alfthan et al., 2002; Alfthan,
2003). The advantage over severa other modelsis that no special mechanism is
introduced to explain mechano-sorptive creep — it isknown that the creep of fibres
and paper is non-linear and inhomogeneous hygroexpansion can be the result of
material inhomogeneities, moisture gradients or both. However, the non-linearity
necessary for the mechanism makes the models complicated, and numerical meth-
ods are necessary even for simple problems. The network models (Alfthan et al.,
2002; Alfthan, 2003) include many variables and equationsto solve, and numeri-
cal smulations are therefore very slow.

In Alfthan (2003) it was found that the network model, albeit based on a
non-linear mechanism, exhibited an almost linear behaviour between stresses and
strains for mechanical loads that are encountered in applications. In the present
paper, this feature is exploited to linearize the model, and a continuum model for
mechano-sorptive creep of paper with areduced number of variables is obtained.
Thislinearized model can for example be implemented as amaterial model in afi-
nite element program and it can be used to solve problems with more complicated
geometries, for example a corrugated board container.

2 Linearization of the networ k model

It is assumed that the internal stresses produced by inhomogeneous hygroexpan-
sion are much larger than the stresses produced by externally applied mechanical
loads, and that the latter can be treated as a small perturbation of the former stress



state. An approximate solution to a problem with moisture variations and ex-
ternal loads is then obtained by first solving a non-linear problem with moisture
variations but no external loads, and then solve a linearized problem to get the
perturbation caused by the external loads. A related analysis of moisture induced
transientsin DMA response of asimple one dimensional model isfound in Coffin
and Habeger (2001).

Fig. 1 shows the geometry of a fibre. In the following, index A is used for
variables and constants for the free segments, index B is used for the bonded
segments and index C is used for the bonded crossing fibres. Properties with
index A or B reflect the longitudinal behaviour of fibres, while properties with
index C reflect the transverse behaviour.

I-'[otal

Fibre bonding

Free fibre segment
A= Lfree

Lotal

Figure 1. Geometry of the fibre segments. The ratio A is defined as the
length of the free segments, Lee, divided by the total length, Lo, and
the direction of the fibre is defined by the angle ¢ measured from the
x-axis of the coordinate system.

2.1 Analysisof the pure moisture problem

First the pure moisture problem is considered. It is assumed that the moisture
content mis known as a function of timet, m= m(t). It is also assumed that the
free segments of the fibres can expand freely so that no stresses are created, i.e.

En = ,BAm7 (1)
on = O. @)



For the bonded segments, see Fig. 1, strains and stresses are related by
& = E&c, )
og+oc = 0. (4)

where it has been assumed that fibres cross at right angles. The stresses og and
oc relax as the material creeps and will eventually vanish. The constitutive laws
for the bonded fibre segments read

eB:E—E+s§+ﬁBm, (5)
ec = go + €&+ fom (6)
where the creep strains eg and ¢ are given by the creep laws
&g = fg(0B, €8), 7
&¢ = fc(oc, €¢).- 8

For a given moisture content history, Egs (1-8) constitute a non-linear system of
equations for the stresses and strains of the pure moisture problem.
The average strain of afibre will be

e=Aea+(1—A)es, (9)

where A istheratio between free fibre length and total fibre length, see Fig. 1. For
an anisotropic fibre orientation, the ratio A generally vary with orientation.

The average strain is also related to the macroscopic strains of the sheet. In
accordance with Alfthan (2003), it is assumed that the strain of afibreisequal to
the macroscopic strain in the fibre direction, i.e.

€ = &C0S> @ + &, SN° P + %y SN COSQ, (10)

where ¢ isthe angle of the fibre measured from the x-axis.

If the fibre distribution is given, it is possible to calculate the number of fibre
crossings (Komori and Makishima, 1977), and from that the ratio A can be calcu-
lated. For a plane fibre network, with rectangular cross sections of the fibres, the
ratio A isgiven by

/2 _

A=1-2p [ t(w)lsinto - y)ldy (11)
where f isthe frequency function of the fibre distribution. If the frequency func-
tionis 1

f= %(1+ 0.COS2¢), (12
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then A will be given by

A = AxCOS? @ + Ay Sin? g, (13)
with
B 4 4dpa
Ix=1- P4 2% (14
B 4 4dpo
Ay = n 3n’ (15)

where p isthe volume fraction of fibresin the network.
In this case the initial assumptions Eqgs (1-2) will be fulfilled, and Eqgs (9-10)
will be reduced to

& = Méa+(1—2Ax) e, (16)
%y = O. (18)

For general fibre distributions, Eqs (1-2) will not be exactly satisfied, but the error
isquite small.

2.2 Linearized analysis of the mechanical problem

In the following analysis, it is assumed that the mechanical load can be treated as
a small perturbation to the moisture problem. The perturbation strains dea, deg
and &g in afibre are then given by

Sen = Q9 4 5ec (19)
Ea

Se = 0% | 5ec. (20)
Es

sec = 2% | 5ee, (21)
Ec

where 6oa, 6o and doc are the perturbations in stress and deg, deg and S&g
are the creep strains caused by the perturbation.
The creep strains will be given by Egs (7—8) and the corresponding creep law
for the free segments,
ex = fa(on, €5). (22)

The functions fa and fg are equal as both are used to describe the longitudinal
behaviour of the fibres.



The mechanical stresses are only a perturbation to the stress state of the pure
moisture problem, so it is viable to approximate the creep laws by Taylor expan-
sions,

dfa dfa

es ~ fa(0,0)+ 5 A(o 0)80a+57c C(O,O)Sef\, (23)
. of 2 fg
& ~ fg(od,ed) + aoz (68,e0)608 + =2 5e B(63,eL)8e5,  (24)
:.C 0 .c0 dfc dfc
& = fC(GC78C )"‘ 86(: (GC,EC )66C+ 38(; (6(378C )68Ca (25)

where o8, €, 62 and 2 are the time dependent stresses and strains that result
from the pure moisture problem Identification of the perturbations to the creep
strain rates, 6eg, deg and d¢e&, leads to the linearized creep laws

dfa dfa

~C _ C

8ef = 5o (0.0)80a+ 57 C(O,O)5£A, (26)
. of af

§e5 = aGE(GB,gB )508+ 5 ¢ C(GB,SB )€, (27)
. of af

SE8 = agZ(GC,eC)66C+a = (02,e2) 8¢ (28)

The perturbation strains and stresses in the fibre are related by

oeg = 58(:, (29)
oog+8oc = oOop =00, (30)
0e = Adea+(1—A1)deg, (3D

where d ¢ has been introduced as a shorthand for the stressin the free segments.
Egs (19-31) can be interpreted as a linear rheological model, see Fig. 2. The
parameters of the rheological model are identified from Eqs (26—28),

1 dfa

TI_A = Jon (0 0) (32)
1 B 0 fa 0 fa

E_i = _E(Oa 0) / E(Oa 0), (33)
1 of

% = a—;(ﬁg,sg,o), (34)
1 _ dfg 0 .c0 dfg 0 .c0

E_é = _8—65(65’85 ) 3—85)(68788 ); (35)



— = —(0¢,&¢), 36
nc aGc( CreC ) ( )
1 dfc dfc
E2 = —a—%(ﬁgaggo)/a—é(ﬁgaggo)- (37)
Eg
Eg
E2 Mg
60 Ea 50, O¢
-— N Eé — —
Ec
e

Figure 2. A rheological model representing Eqs (19-28). The parameters
of the rheological model are given by Egs (32-37).

The parameters depend on the solution from the pure moisture problem, hence
they will be time dependent. Using the parameters of the rheological model,
Eqs (26-28) can be rewritten as

Sop —E35¢€S

Sgp = ————+5, (38)
na

: —E358¢§

5e& = M, (39)
nB

) _E2 C

seg — Ooc—Ecdec (40)
Nc

If it is assumed that the creep can be described by the non-linear creep laws

fA = aASinh(bA(GA—EKSX)), (41)

fs = agsinh(bg(os — Egeg)), (42)

fC = acSinh(bc(Gc—EgE‘g)), (43)
then

1

—_— = aAbAa (44)

nA



EX = Ef, (45)

Tl_ls — agbg cosh(bg(op — ESeR)), (46)
2 — ES (47)
n_lc — acbccosh(be(oQ — EGe)), (48)
£2 _ e (49

where it has been utilized that stressesin the free segmentsvanish for the moisture
problem.

2.3 Continuum model

In thissubsection indicesi, j, k and| denoted coordinate directions, and they take
values 1 and 2 corresponding to x and y respectively, see Fig. 1. A repeated index
letter in an expression indicates a sum over that index from 1 to 2. Using this
notation, the strain of any fibre is assumed to be given by the macroscopic strains
of the sheet according to

0€ = dgyhkh (50)

where n; = cos¢ and ny = sing, and the macroscopic specific stresses are given
by

S5 1/”/25 f(o)ninid (51)
o = — o injde,
= o _nj2 ¢)ninjdo
where p; isthefibre density and f(¢) is the frequency function of the fibre distri-
bution, which must fulfill the condition

m/2
| oo =1 (52)
—m/2
Eq. (51) can alternatively be expressed in terms of the operator lj; according
0 1 r7/2
lij (%) =—/ x t(@)nin;do, (53)
ptJ—m/2

where y isany function of ¢, so that Eq. (51) can be written
dai = 1ij(60). (54)

Applying the operator |;; on de according to Eq. (50) resultsin

1 [7/2 1
lij(6¢) = o /ﬂ/z Seu f(@)ninjnenide = Ecijkl&c«‘kla (55)
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where

/2
Giju :/ Zf((P)ninjnknld(P-

—n/

Eqgs (54-55) can be written in vector form,
60" =1(60),
|(5¢) = ~Cée

ps

where
so)y ooy '|
dc" = | doy, | = | 60y |,
oot | | ool |
5811 58x i
0€ = |: 5822 ] = |: 58y
25812 6}’xy ]

Cou1 Co Cooro
Cro11 Cizz2 Cro12 |

|:C1111 Ciuzz Ciir2 |
C—

(56)

(57)
(58)

(59)

(60)

(61)

The operator |jj can as well be applied to Egs (19-21), Egs (38-40) and

Eqgs (29-31), resulting in the corresponding equations

_ C
0Ep = Ex + 0¢€,,
Seg = %jtésg,

Eg
00
0ec = —C+68?;,
Ec
5es = Son —E28¢e§
na 7
568 — S0 — EZ5¢€5
NB ’
5es — doc—EZ5ed
Nc 7
585 = 58(:,
66+ 066c = Sop=0do",

—Cde = I|(Adep)+1((1—A)0eB).

ps

(62)
(63)
(64)
(65)
(66)

(67)

(68)
(69)

(70)



Eq. (70) contains the unevaluated expressions | (Adea) and | ((1—A)dep). If A
is aconstant these will be reduced to Ad€a and (1—A)d€g, but A isin general a
function of ¢. It is however possible to evaluate the expressions if it is assumed
that ea and deg can be written as

Oen = OakNkN, (71)
0eg = Ogx kN, (72)
50 that

1

68A = _CC]A, (73)
[Yi

Ses — —~Cap. (74)
ps

In this case Eq. (70) can be written as

1
p—c:6e —LC 18ep+ (C—L)C 18eg, (75)
f
where
L1111 L1z Liir
L= Loo1z Looop Looi2 |, (76)
L1211 Lizo Lioi2
m/2
LijkI:/ /Zf(<P)M(P)ninjnkn|d(P- (77)
—TT

The authors were not able to prove that Eq. (75) isavalid expression in general,
but numerical simulations suggest that Eqs (71-72) and Eq. (75) are true.

If the frequency function f isgiven by Eq. (12) and the length ratio A isgiven
by Eq. (13), then the the matrices C and L will be

([3+2¢ 1 0
C=3 1 3-20 0 (78)
0 0o 1
and
o [ 204150 4+a O
L = 6—2 440 4-o O
0 0 4+«
4+0 44—« 0
+6—Z 4—0 20—-1500 O (79)
0 0 4—a
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Eqgs (62-69) and Eq. (75) constitute a linear system of differential equations.
Most of the variables, §ea, 0€g, S&c, 5€R, O€g, 6€¢, 60 and 6 ¢, can be re-
garded asinternal variablesthat can be eliminated, leaving only the applied macro-
scopic stresses §6* and the resulting macroscopic strains §&. Thetota strainsare
obtained by adding d& to the strains from the moisture problem, Eqs (16-18).

3 Reaults

In the results presented here, Eq. (12) and Eqg. (13) with Ax and Ay according
to Egs (14-15) have been used to describe the fibre and bond distributions. The
creep of the fibres are assumed to be described by Eqs (41-43). The pure moisture
problem, Egs (1-8), and the mechanical problem, Eqgs (62-69) and Eq. (75), were
solved in MATLAB (2001), using standard routines for solving the differential
equations.

Thefibre properties depend on the moisture content. Thisisreflected by letting
the compliances 1/Ea, 1/Eg, 1/Ec, aa, ag, ac, 1/Eg, 1/Eg and 1/Eg increase
linearly with moisture m, e.g.

aA(mz)—aA(ml)(
M —My

ap =aa(m) + m—my), (80)
where my and my, are used as reference points. They were here chosen to be 0.075
and 0.15, respectively. In the simulations, moisture content was initially 0.10,
then decreased to 0.05, increased back to 0.10 etcetera. The parameters used in
the simulations are shown in Table 1. The timeis normalized by the cycle period
T, which should be around 5 h for the parameters to be reasonable. Unless stated
otherwise the fibre distributionis uniform, i.e. o = 0in Eq. (12).

Fig. 3 shows the total strains for different uniaxial loads, ranging from 3.3
kNm/kg to 13.3 kNm/kg. The agreement between the linearized model and the
non-linear network model from Alfthan (2003) is excellent for small loads. For
higher loads the agreement gets worse, as the applied load is no longer small
compared to the stress state resulting from the pure moisture problem, Fig. 4.

If Eqgs (19-31) are interpreted as the linear rheological model in Fig. 2, the
accelerated creep seenin Fig. 3 can beinterpreted as aresult of transient decreases
in effective viscosities every time the moisture content changes. Fig. 5 shows that
theinverseviscosities 1/ng and 1/n¢ have transient peaks whenever the moisture
changes.

Figs 6—7 show creep curvesfor different anisotropy, demonstrating the validity
of Eq. (75). Fig. 6 showsuniaxial load and Fig. 7 shows a combination of uniaxial
and biaxial load.
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Table 1. Parameters used in the simulations. Two values are given for
moisture dependent parameters. The creep compliances are normalized
by the moisture cycle period T.

moisture content
m=0.075 m=0.15

Ean=Eg [GPd] 32.0 21.3
Ec [GP4] 6.40 4.27
Tap = Tag 5.00-10% 7.50-10°

Tac 25.0.-10% 37.5.10°°
ba=bg [Pal] 1.00-10 7
bc [Pa!] 1.00-10~
ES=ES [GPd 4.00 2.67
ES [GP4] 0.800 0.533
Ba = Bs 0.030
Bc 0.60
P 0.50
Pt [kg/m3] 1500
15% 10° :
— linearized model
- - - non-linear model
10f - el S
w 5 4 . -
ulj o= -
of "’i
0 1 2 3 4 5

T

Figure 3. Comparison between the linearized model and the full non-
linear network model for different uniaxial loads. The specific stressesare
3.3 (bottom), 6.7, 10.0 and 13.3 kNm/kg (top). The agreement isexcellent
for small loads, but it getsworse for higher loads as the assumption behind
the linearization is no longer valid.
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.
’

-——-—

P

T

Figure 4. The inner stresses produced by the pure moisture problem. The
stresses are divided by fibre density ps so it ispossible to comparable them
to the applied loads. The two curves show the stressesin the two different

fibres at the bonds.

25X 10
' — 1,
--- Ung
2,
=150
a
=
(=3
F o1
0.5F
0
0 5

Figure 5. The inverse viscosities 1/ng and 1/n¢ as functions of time.
The effective viscosities at the bonds, ng and nc, are reduced every time
the moisture changes resulting in in the peaks shown in the plot. Due to
the anisotropy of the fibres, nc is always lower than ng and the highest

peaks correspondsto 1/nc.
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— linearized model

- - - non-linear model

0 1 2 3 4 5
T

Figure 6. Comparison between the linearized model and the full non-
linear network model for different anisotropy. The load is uniaxial. The
constant o in Eq. (12) is equal to —0.5 (top), 0, and +-0.5 (bottom), and
the specific stressis 6.7 KNm/kg.

8x 10
6, l ‘ ’ 4
— linearized model
- - - non-linear model
4,
w 2F
0,
_2,
_4 L
0 1 2 3 4 5

T

Figure 7. Comparison between the linearized model and the full non-
linear network model for different anisotropy. The load is initialy uni-
axial, but changes to a biaxial load at timet/T = 2.25. The constant o
in Eqg. (12) isequal to —0.5 (top), O, and +0.5 (bottom), and the specific
stresses are 6.7 kKNm/kg.
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4 Conclusions and discussion

From the results it can be concluded that the agreement between the linearized
model and the non-linear network-model is very good for small mechanical loads,
as expected from the assumptions made in the linearization. This corresponds to
the linear mechano-sorptive cregp behaviour often found in experiments, see for
example Panek et al. (2004). The linearized model is typically valid when the
mechanical load is one order of magnitude smaller than the stresses produced by
the moisture changesaone (Fig. 4). For higher loadsthe linearized model deviates
more and more from the non-linear network model.

The maor improvement achieved by the linearization and development of a
continuum model is the speed of calculations. In the non-linear network model
(Alfthan, 2003) a non-linear system of differential equations was solved for three
variables in each fibre direction used in the discretization of the fibre distribu-
tion. The linearization reduces the model to a small non-linear pure moisture
problem of only two variables and a linear mechanical problem. In the contin-
uum formulation, the number of variables of the mechanical problem are reduced,
so that only nine linear differential equations remain. In total, eleven differential
equations must be solved, and of these only two are non-linear. No discretiza-
tion of the fibre distribution is necessary. In comparison, 54 non-linear differ-
ential equations were solved for each result from the network model shown in
Fig. 3 and Figs 6-7. The new model is suitable for implementation as a material
model in a finite element code used for solving structural problems, like corru-
gated board panels or containers subjected to varying humidity and mechanical
loads. In Appendix A, an implementation of the model as a user subroutine in
ABAQUS (2002) is presented. The finite element formulation has been verified
by comparison to MATL AB-calculations described above.

The largest problem with the model is to determine how to describe the creep,
as the creep of paper and fibresis not a well-known phenomenon. Here the creep
laws are assumed to have the form Egs (41-43), and parameters were chosen to
get results from the simulations that resemble the creep seen in experiments. In
practice it is hard to determine the parameters in these creep laws, and it islikely
that other creep laws must be adopted to get an accurate description of the creep.
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Appendix A Formulation for finite element analysis

In this appendix equations for finite element analysis are formulated. These equa-
tions are suitable for two dimensional solid elements or structural elements, like
shells. In the following, g; will denote a variable g at timet, and Ag will be the
change of that variable over a time increment At. The increment will begin at
timet and end at timet + At. A stable time integration scheme will be obtained if
central difference operators are adopted, i.e.

. Ag

Gl = A (81)
1

gt+%At = G+ éAg' (82)

In the commercial finite element program ABAQUS (2002) it is possible for
users to define their own constitutive material modelsin the subroutine UMAT. In
the subroutine the material Jacobian matrix, dAc /dAg, must be provided for the
constitutive model, and stresses and inner state variables must be updated. The
equations needed for the implementation of the model will be given below.

A.1 Thepuremoisture problem

In the pure moisture problem, there are two inner state variables that must be
updated, eg and £&. These are given by the creep laws Eqs (7-8), in discrete form

ATEF = s (GBt-l'%At’elgt—i—%At)’ (83)
c
ATgtC B fC<GCt+%At’€ét+%At>’ (84)
where
Obt+iat = EI:BTEEC(?J&JF%M Bt+1At + (Bc— ﬁB)n‘I[JrlAt) (85)
Oct+jar = EEE:LEEC (SEH%M — €51+ (B — Bc) Moix):  (86)

with all material parameters evaluated for moisture content m, 1 ;-

These non-linear equations for Aeg and Aeg can be solved using the Newton-
Raphson method. The system of equations are rewritten as

Agg

Fe(Aeg,Aed) = AN — fg (GBH_lAt,SBH_lAt) 0, (87)
Agg

Fe(Aeg, Ae8) = =€ — fc (O pu 851, 4 ) = O (88)

16



and the solution is obtained by iterations using the formulas

JFc __ JdFg
Fs JAeS — A€ Fe

A‘C:Ign—i—l = A‘C:Ign ~ OFs oFc JFs JFc (ASén,AE‘gn) ) (89)
JAe§ JAel  JAE JAef
s £,y 9Fc
JdAeS' C B JAeS
A'.3((.:7n+1 = A‘c:((.:?n ~ OFg SFC JFg aBFC (Agén,AS(%n) ) (90)
JAe§ JAeE  JAEE JAe§
where
oF 1 EgE of 10f
s _ 1, Bk s _1dls (91)
8AEB At 2(Eg+Ec)dog 2 aEB
oF EgE of
B _ BEC B7 (92)
8A88 2(Eg+Ec) dos
oF EgE of
c _ __Ee& c (93)
8AEB 2(Eg +Ec) doc
dFc 1 EgEc dfc 1dfc

- = _zec o4
JAeS M 2(Ep +Ec)doc 2968 (54

A.2 Themechanical problem

From the solution to the pure moisture problem, the effective creep properties na,
ne, Nc, E2, E3 and EZ can be calculated according to Eqs (32-37).

The inner variables 6€3, deg and Se¢ and the stress 66" must be updated.
In finite element calculationsit is preferred to use regular stresses 66 instead of
specific stresses 66", so the following equationswill be given for regular stresses,
and the inner variables will change dimensions as appropriate. The relation be-
tween the different stressesis given by

60 = ppioo?. (95)

The inner stresses 66 a, 60 and 66 ¢ are eliminated from Eqs (62—69) and
Eqg. (75), and the the remaining equations are rewritten as

AdoC

kaASeS = S0+ > (96)
koAdeS — Sodf+ qBAZ(So N ch(ASe'C%— ASER)

+Akac(6£§23t — 5eg,) | @)
keASeS — S+ chz(So N ch(ASEEZ— AGER)
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where

OB

dc
Yoyl
Scll
sl

K1
Ko

Ks

AdC =

Akpc(6€g, — O0€)
+ > ,
JAOE — K1A582‘

—qBK2A58% — qCK2A588 —K3doy,

2 At

Es+Ec’

Soa — E36e5,,
Sy — E30€5,,
8oy — E38€,,

L C-L \!
cl=+ C,
P (EA EB+EC)

-1
C<L+ c L> Lc 1,
Ea

EB+EC
L
(g +

C-L
L Cc-L\?! /L
C=—+ Al =+
(EA EB+EC> (EA

Eg + Ec

>_1(C—L)C

1
’

C-L

Eg + Ec

)t

(98)

(99)

(100)
(101)
(102)
(103)
(104)

(105)

(106)
(107)
(108)

(109)

(110)

(111)

(112)

It is assumed that the elastic moduli Eg and Ec have similar dependencies on
moisture content, so that gg and gc do not depend on moisture content. All other
parameters must be evaluated at moisture content m, . 1t If the moisture content
changes during the increment, there will be a contribution to the equations from
the changing material parameters. These contributions are found in Eqgs (97-98)
and Eq. (112), where A before an expression denote an incremental change of that

expression.
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Jin EQ. (109) is the material Jacobian that must be provided by the material
subroutinein ABAQUS (2002), i.e.

IASG L cC-L \*!
8A6£_J_pC<E_A+EB+EC) C. (113)

Eqgs (96-99) constitute a system of linear equations, that can easily be solved.
The stressincrement Ado isgiven by

K1 (ZQ%kC+2q%kB+kBC)K2>1
2kn  2(2kskc + (ks +kc)ksc)
K150"e£tf

Ado = <I+

(JA&-: —

_ (208ke +kac) K280
2kgkc + (ks + kc)kac
_ (20cks +ksc) K280
2kgke + (kg +ke)kac
(gskc — qcks) AkgcKo(5eg, — 5€g,)
2kgke + (kg +ke)kac

—K360't> . (114)

The increments of the inner variables are

eff
AGES — 6;\‘“ + Az‘s—kf, (115)
(2kc+kac) 608! +kecdo S + keAkec(deg, — 55,
2kskc +- (kg + ke)ksc
(208kc + kac)Ado
2(2kgke + (kg +ke)kec)’
chéo'gf + (2kg + ch)SO'gf + kBAkB(;(éé‘%t — 58&)
2kgkc + (kg +kc)ksc
(2qcks + ksc)Ado
2(2kskc + (ks + kc)ksc)

with Adc according to Eq. (114).

Adeg =

(116)

Adeg =

(117)
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